Mathemical Analysis of Backpropagation Networks

Linear layer backward pass: derivation
We have a batched linear layer (with bias broadcast across the batch):

° XGRBXI
o« WeRM™
e beRY

¢ Y eRF¥

Forward: Y = XW + b

Let the upstream gradient be: G = g—{j e RB*O

where [ is input dimention, O is output dimenion and B is batch size

1) Derlve = XTG

Elementwise forward equation: Y3 , = 21‘1:1 XpiWio+ b,

: o : Y},
Partial derivative of an output element w.r.t. a weight: au; = Xp;
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Now note that the (%, 0) entry of XTG is: (XTG);, = Zszl X3:Gh o

10L _ yr
So: FTG =X'G
2) Derlve = GWT

Yy,
Partial derivative of an output element w.r.t. an input: a): = Wi,
by

. 0L ~0 3L Mo O
Chain rule: X > o1 Mo 9% > o1 GooW,

Now the (b, i) entry of GW T is: (GWT),; = Z?:I Gro(WT), = Eg):l Gr.oWi o

oL T
So: =
o X = GW




In summary training uses XTG to update weights and GWT to propagate gradients
backward. As a corrolary to the above, we note that the derivatives are related via:

(35)WT = (XTG)WT = XT (GWT) = X7 (5% ).

So: <8—L> wT =XxT <8—L>
ow 0X

3) Derlve Zb 1 Gb.
Yy,
Because b, is added to every row (broadcasting), we have: i = 1
oL e
Chain rule: = = 37 P a—bbo =37 G

oL &
Vector form: | — = Gyp.
b bz_; b

At the end of a classifier, we usually apply softmax to turn the model’s raw scores (logits)
into a probability distribution, and then use cross-entropy to measure how well those
predicted probabilities match the true label distribution. The true label is typically
represented as a one-hot vector: 1 for the correct class and 0 for every other class. When we
combine softmax and cross-entropy, the gradient w.r.t. the logits simplifies to

dL/dZ = (Probabilities — OneHotLabels)/B

in short form: |[dL/dZ = (P —Y)/B|

This gradient is the standard starting signal we backpropagate through the rest of the

network.

In nost MLP's between each linear layer there is a gating function such as ReLU which we

will use for simplicity that acts as a 0/1 gate:
A = ReLU(Y) = max(0,Y)
with a backward formula:

0L 0L
ReLU back d —=—06( >0
e ackwar 57— oA o ( )

where ® (Y > 0) indicates only positive elements are passed through rest are set to 0.




Backprop for an MLP with more than 1 hidden layer

Notation (for L linear layers)
Let Ay = X (batch input).
Forlayers £ = 1,...,L — 1 (hidden layers):
Zy = Ay Wy + by, A, = max(0, Z,)
Final (logits) layer £ = L:
Zy = A, W +bg, P = softmax(Zr)

Backward pass (general form)

We use the shorthand notation

A OL A OL A OL oL
dZ, = A dw, = A dA, = DA, dzZ; = 97,

That is, the prefix d denotes the gradient of the scalar loss L with respect to the indicated

variable.

Starting at the output:

Thenfor{ =L,L —1,...,1do:
1. Parameter gradients
dW, = AT \dZ,,  db,= (dZ,, axis =0)
2. Propagate to previous activation:
dA, ;1 = ngWZT

3.1f £ > 1, pass through RelU gate:
dZy y =dAy 1%(Z; 1 >0)

We just repeat the same linear-backward + ReLU-backward steps for each additional hidden

layer.

Closed-form (non-recursive) expression for dW,

Define the ReLU masks for hidden layers:



My, = 1[Z;, > 0], k=1,...,L—1.
Let G, (+) denote the RelLU "gate" operator (elementwise masking):
Gp(U) :=U © M,.
Then for any layer £ € {1,..., L}, we can write

aw, = AT dz,

(2) Clear operator notation
ReLU gate operator (elementwise mask) G,(U) := U ® 1[Z;, > 0].

Define a single "backprop step" operator for layer j (multiply by WJ.T, then apply the ReLU
gate for layer j-1) T;(U) := G, 4 (UWJ.T) .

Then the closed form for dZ, is: |ng = (Tyy10Ty 900 TL)(A)| ({<L-1),and
for the last layer, dZ;, = A.

(3) Fully explicit nested-parentheses form
dz, =g, (ge+1(‘ G (G (AWH YW ) - W) Wﬂj—;l) (£ < L —1),with
dZ; = A.

We use the linear-layer gradient identity: dW; = Af_lee

Closed form for dZ, (for £ < L — 1),and dZ = A
dZ, = (Tg+1 oTyg0---0 TL)(A), dZ = A.

(2) Closed form for dW, |dW, = AT | (Ty11 0 Tppo---0Tp)(A) ({<L-1),and

for the last layer (empty composition), |[dW = A%_IA.

(3) Fully explicit nested-parentheses form

First write dZ_\ell explicitly:

dZ, = G (gHl (- Gr2(Gra(AWEYWE ) - WE,) W;;l), (£ < L —1), with
dZr = A.

Then plug into dW, = AT dZ;:

W, = A?—l G <g€+l(' 012 (gL—l(AWE) Wg—1) e W£1;2) Weﬁl) (¢ <L-1),

dwW, = A?—l

(ﬁ (gj_l(UWjT))) o (A)]

=L




and |[dWL = AT A,

Bias gradient identity (chapter) db; = > (dZ, axis = 0).
ReLU gate operator G, (U) := U ® 1[Z;, > 0].
Backprop step operator: multiply by WjT then apply ReLU gate for layer (j-1)

T;(U) := G4 <UW].T> .uses dX = dYWT and RelU gating

Closed form for dZy, dZ, = (Ty;1 0 Tyyo 0 --- 0 TL)(A), dZr = A.

Closed form for dby |dby = Y _((Tr1 0 Trra 0+ 0 Ty)(A), axis =0)| (£ < L—1),
and for the last layer, |[dbr, = Z(A, axis = 0).

(3) Fully explicit nested form for db,
dZ¢ = G (g“l (+ Gr2(Gr 1 (AWL) W) -+ W) Weil)’ (t<L-1),

with dZ1, = A.

dby =3 (Ge(Genr(+++ Gra (G A(AWEYWT ) - WE )WL, ), axis =0)|  (¢<.
and |dby, = Z(A, axis = 0).

d4

Residual Connections
Residual (skip) connection: Y = X + F(X; )
Forward:

y= X + F(X;0)

Backward:

Let the upstream gradientbe G = Z_{;'

So the gradient passed back to each input of the add is:

oL — 9L O _.1= OL _ 0L 0¥ _ .1 =
X |gkip OV 6X_G 1=G, oF — 8y aF_G 1=G

L L
| _ L _

The add node splits gradients: BX |siip , 5F



) _ 9L OF(Xy0) o OF(X:0)

Backprop through the transform branch F: 7= through F — OF 0X G S
Combine contributions at X:
oL oL oL IF(X;0) ( OF(X;0) )
9L _ 9L 9z = =G-(1 .
0X 0X skip 0X through F G+G 0X G + 0X

. 8L __ 8L OF(Xy0) - OF(Xf)
Parameter gradients for the transform branch: 27 = 7% —;— = G 50

Residual (identity skip) block: operator-composition notation

Residual block forward: Y = X + F(X).

Upstream gradient: dY := g—}L,.

Split rule for the "+" node Since Y = X + F/, the gradient splits and is copied to both
inputs: d Xkip = dY, dF =dY.

Define operators for the residual branch F
G,(U) :=U e 1[Z; > 0.

Linear-backward operator for a weight matrix W: ( this is the map U — UW T, matching
dX =dYW7T) Lw(U) := UWT.

One "Linear-backward + ReLU-gate" step operator: (multiply by W7, then apply the ReLU
gate for the previous layer) T;(U) := G; 1(Lw,(U)) = G; 1 (UW].T> .

Closed form for the gradient through the residual branch If F is an (L_F)-layer MLP-like stack
ending at layer L, and its output pre-activation gradient is dZ1,, = dF', then for any
internal layer £ in F: dZéF) =(Tyy10Tp90---0Tr,)(dF), ng) =dF.

The gradient w.r.t. the input of F (i.e,, X) is the linear-backward of the first layer of F applied
to dz{":dXp = Ly, (az") = az{"W}.

Combine skip + residual paths |dX = dXuip + dXr =dY +dXr

If you want everything in one line (still operator form):
|dX =dY + Ly, (Ty0oT30---0 TLF)(dY))| (Here we used dF = dY for the identity skip.)

A (discrete) convolution layer is a \emphlocallinearoperator in the input: each output
value is computed as a dot product between a small local input patch and a shared kernel,
applied at every spatial position. Convolution is a local linear operator (a sliding dot product)
and therefore admits the same backpropagation structure as a linear layer, although the

corresponding linear map has a sparse, weight-sharing structure rather than a dense matrix.




For a 3-tier Residual Network stack

Linear-backward operator for a weight matrix W ( this is the map U — UW T, matching
dX =dYW7T) Lw(U) .= UWT.

ReLU-gate operator for layer ¢ (gates using the pre-activation Z,): G;(U) := U ® 1[Z; > 0.
One "Linear-backward + RelLU-gate" step operator: (multiply by WjT, then apply the ReLU
gate for the previous layer) T;(U) := G;_1(Lw,(U)) = G;_1 (UW].T> :

Bottleneck residual MLP block (3 linears in the residual branch):

Forward: Y = X + F(X).

Residual branch: Z; = XW; + by, A; = ReLU(Z,),
Zo = A1 Wy + b2, Ay = ReLU(ZQ), Z3 = AsW3 + bg, F(X) = Z3.

Upstream gradient: dY := oL

Yy *
Split at the residual add: dF' = dY, dXsip = dY.
Start backprop inside F' at the output (no RelU after last linear): dZs = dF = dY .
Backprop through the residual branch using the operators: dZ, = T3(dZ3) = G, (dY W3T) .
dZ, = Ty(dZ,) = G, (dZ2 W2T) =G (92 (dY W3T) WZT) .

Gradient to X through the residual branch (first linear backward, no gate on X):
dXr = Lw,(dZ1) = lewlT.

Combine skip + residual: |dX = dXyqp + dXr = dY + EWI(TQ (T3(dY))).

Same thing as one fully nested expression: |[dX = dY + [G (Go (dY W) W) WT.

Bottleneck residual MLP block (3 linears in the residual branch)
Forward (residual add): Y = X + F(X).

Residual branch (ReLU after first two linears, none after last):
Zl = XWI —+ bl) Al = ReLU(Zl), Z2 = A1W2 -+ b2, A2 = ReLU(Z2),
Z3 = AyW3 + bs, F(X) = Zs.

Upstream gradient: dY := g—f/.

Split at the residual add: dZ3 = dF = dY, dXgip = dY.



We use the linear-layer gradient identity: dW, = A7 ,dZ,.

Define operators:

Linear-backward operator for a weight matrix W: Ly (U) := UW .
ReLU-gate operator for layer i: G;(U) := U ® 1[Z; > 0.

One "Linear-backward + RelLU-gate" step operator:
T(U) i= G;-1(Lw, ) = G54 (UW]).

For this bottleneck block, the only gated steps are T3 (gates Z2) and T» (gates Z1):
T;(U) = G(UWY),  Th(U) = Gi(UW]).

Let A :=dZs = dY.

(1) Closed form for dZ,

dZ3 = A.

Forf € {1,2}:dZ; = (Ty41 0 Tpy20-+- 0 T3)(A).
Concretely: dZy = T3(A), dZ, = (Ty o T3)(A).

(2) Closed form for dW;

For£ € {1,2}:|dW; = AT | (Tpi1 0 Typ0--- 0 T3)(A)|.

For the last layer (empty composition): |dW3 = ATA.

(3) Fully explicit nested-parentheses form
First write dZ, explicitly:

dZs = A.

dZy = Go(AWT).

a2, = G:(G(AW]) W),

Then plug into dW, = AT  dZ,:

dw, = X7 gl(g2(AW3T) Wg) .

dW, = AT G,(AWT)]

dWs = ATA]




(4) (Optional) Closed form for the block input gradient dX
Residual-path contribution: dX 7 = dZ,WT = Ly, (dZ,).

Combine skip + residual:
dX = dXgip + dXp = dY + dZIW{ = dY + Lw,((T2 o Ts)(A)).

Multi-head / multi-branch linear projections from
the same input

Let X € R®*% pe a shared input to H heads.
For each head h € {1,..., H}, define a linear map
Zp=XWy+by,  WpeR™ 4 p,eR

Given upstream gradients (;)TL for each head, the parameter gradients are
h
L _ T 0L oL ZB oL
ow, 8z, b,

i=1 BZ}(li) :
Each head contributes a gradient to the shared input:
oL\ _ OL yyr
<3X>h =2z,
Since X feeds all heads, the total gradient at the branch point is the sum of contributions:
OL _ ~~H 0L x,T
X = 2h—1 YA W, -

If your heads are then concatenated and passed to another linear layer, you'd additionally
route the gradient back through the concat (i.e., split dL into per-head slices), and then
apply the same formulas above per slice.

Max-pooling backprop (single pooling window)
Forward: y = maxX;c(1,.. m} i

Backward: given upstream gradient g = ?9_];

ox;

oL {g, 1€ argm?xxj

0, otherwise.

2D max-pooling (pool_dim = p), output index (r,c)

Forward: y, . = max o<pr<p Trp+pr, cp+pc
0<pe<p



Let (pr*, pc*) be the argmax offsets from the forward pass:

* *
(pr*,pc*) € arg maxo<pr<p Lrptpr, cptpc

0<pc<p
Backward: given upstream gradient 4, . = a‘ZL
o _ [bre (prpe) = (pr7, pet)
Orppr, eptpe 0, otherwise.

Downsampling by slicing (a linear "pooling"
alternative)

Unlike max pooling (which outputs the maximum value in each window and is nonlinear), a
fixed slicing/downsampling operator is linear.

Let X be the input (vectorized or flattened tensor) and let S be a fixed selection
(downsampling) operator that picks one predetermined element from each pooling window
(e.g., the top-left element). Define Y = SX.

Since S is fixed, this operation is linear in X and has no learnable parameters. Given an

upstream gradient §—1€, the backward pass is

OL T OL
0X S oY *

There is no parameter gradient term (no W or b) because S is not learned.

Single-head scaled dot-product self-attention: forward/backward

Shapes (one common convention)

e Xc RBxTxdmodel
d,,odel X dj,
WQ, WK, Wy € R
Q, K, Ve RBxTxd;C
S Ac RB><T><T
’
Y € RBXTXdk

Forward Q = XWpy, K = XWk, V =XWy

S=-QK"' (transpose over the T' dimension, per batch)

Vi,
1
S=—— X, (WoWxgT),XT
7a:
A = softmax(S) (row-wise over keys)

Y =AV



Backward Upstream gradient: G = g_}fj e RExTxds

(A) Backprop through Y = AV

OL 4T
v —A4C
0L T

(B) Backprop through A = softmax(S), row-wise For each row i (each query position), let
a; = 4A;.and g; = (%)_ . (g—g)_ =a;0 (gi - (g;ai)1>
Ty Ty

0
(C) Backprop through S = (1/sqrt(d;,))QK™ Let H = dL/dS. H = %

oL _ _1_

0Q Vi HE

OL _ 1 T

ok = 7 H @

(D) Backprop through linear projections Q@ = XW),, etc.
oL _ xToL oL _ xTL 0L _ xTOL
W, aQ’ Wy 0K’ Wy v

OL _ OLyyT  OL T | OL T
ax aQWQ + aKWK + aVWV

Residual connection around attention (common Transformer pattern) Z = X + Attn(X)

oL
Let 7 Gz.
oL oL oL
Then =5 =G X - <_)
X skip Zs 0X through attn X Attn

OL OL
and —= = Gz + <—> .
(50,4 (50,4 Attn

Scaled dot-product attention scores S = % QK " Parameterization via an input matrix X
k

and projection matrices @ = XWjy, K = XWg

~ - - L T _ L TxT
Substitute Q and Kinto S § = N (XWo)(XWk) N XWoW, X

Define A and B to expose the bilinear / Gram-like structure
A=XWy, B=XWxg = S§=—=AB"
Vdx

Special case: self-attention with tied projections (W_Q = W_K)
Wo=Wk = Q=K = S=-—2QQ
k

Spectral connection in the symmetric positive semidefinite case
IfQ=UXVT (SVD),then QQT = UX2U"



Therefore, eigenpairs of S in the tied case Eigenvalues relate to singular values of Q

1 271 T ) o G'i(Q)2 . o T -
5 = \/d_kUZU =  MN(S) = N eigvecs(S) = U U'U=1I,

QAT =>_,0/(Q)uu, r=rank(Q) where u; is the i-th column of U.

General case: QQ # K (S is not symmetric in general)
S = - QKT (not necessarily symmetric)
vV,

Causal (decoder-only) mask: allow attending only to current/past tokens

1, j<i

M € {0,1}"" My;=37 <7
€ {01, ‘ {0, j>i.

- S M:: =1

Masked logits S;; = ¢ e
asked logits 5 {—oo, = 0.

With a mask, you effectively do an elementwise modification:
0, M;; =1

S:S+B, WhereBij:{

Row-wise softmax to obtain attention weights A4;. = softmax(gi:) .

Top-1 (Switch) Mixture-of-Experts (MoE): forward/backward (simplest form for magnitude
analysis)

Setup / shapes

Let X € RB*%n pe a batch of token vectors. There are E experts fe(+; 0e), each mapping
fe : R 5 R,

Router weight matrix (learned parameters) W, € R%*E

A router produces logits R € RP*F and selects one expert per token: e(b) €{1,...,E}
for token b.

Forward R = XW, € RB*F

e(b) = argmax.c1... g R

Yy = fop)(Xo; Oery), Y € RPX
Backward Upstream gradient: G = g—é € RB*dout

(A) Gradients into expert outputs (only the selected expert receives gradient)

oL Gb, € = e(b)
of.(Xy) 10, e#e(b)



(B) Expert parameter gradients g—i = Zb: e(b)=e (

AL Ofe(Xp;6.)
8fe (Xb) aoe

Of e(s)(Xb;0e())
X,

Of (1) (Xe) X, =Gy

Af o (1) (X306
(C) Input gradients through experts 5—)2 = ( oL ) Fety (X1:0c)
Note on the router The hard top-1 selection e(b) = argmaz(-) is non-differentiable. For

magnitude analysis, it is common to treat e(b) as fixed for the pass.

If you ignore router gradients, then dL/dW_r is not defined under pure argmax. If you use a
differentiable relaxation (not shown), you would add a router term to dL/d X and compute
dL/dW, similarly to a linear layer.

(General chain-rule context: gradients propagate backward through the graph.)

Forward (batch size B): Z; = XW; + b,
Al = ReLU(Zl) = max(O, Zl)
Zy = AaWa + be
P = softmax(Z,)

oL P-Y
S ft - t d. t: —
oftmax + cross-entropy gradien 97, 5
L L
Linear layer rule (Y = XW +b): aa_W — Tg_Y
g—i = Z (g—}e) (sum over batch axis)
6_L — a_LWT
0X )4
Apply linear rule to layer 2 (Z; = A1Ws + by): 881)[[//_2 = Ang_é;
oL OL
by 2 (3Z2>
OL _ OL
DA, 8Zy *

ReLU backward: g—;l = ;ALl ©®(Z1 >0)

Apply linear rule to layer 1 (Z; = XW; + b1): ;_V[I/il B XT(;?_;;
2 (2L
abl BZl
oL _ 9L .y

80X 08z, 1




. . oL oL
Substitute into = AlTa_Zz : W = AT <—>

0L _ ;0L :A{(P—Y)

oW, 197, B
OL _ o (P=Y)_ r(P=Y)_ r(P-Y
8W2_A1< = >_(ReLU(Zl)) ( 5 >—(max(0,XW1+b1)) ( 3 )

OGI/IL/} - (((Pz_ay) W2T> @RGLU'(Zl)> =X (((%) W2T> © (21 > 0)

oL & OL B /P-Y
8b2_;(6Z2)17_;( B )
oL I (oL < P-Y
= _ — ) = S v XW;+b >0
w2 (o), L () wr) emeno)
< >
L P-Y
Core identities (batch): Vy,L = ATG,, Gy := 0 =
075 B
oL T / T
Gl :287:(G2W2 )@RGLU (Z1)7 VWIL:X Gl
1

|V, Ll r = | ATGa||r < || A1l|r [|G2llF

ReLU gate doesn't increase the Frobenius norm SinceReLU ' (Z1) € {0, 1} elementwise,

1G1llF = [(G2W) @ ReLU'(Z1)||F < ||G2W ||

Propagating through W2 Use IABIF<IAIFIBI2:

1G2W || < [|Gallr [Wyll2 = [|Gallr W22

Why ||AB||r < ||A||r||B||2 (Hélder / Cauchy-Schwarz)

The mixed Frobenius—spectral bound above is the case p = q¢ = 2 of Holder's inequality.
View the (i, j) entry of AB as an inner product: (AB); ; = (row;(A), col;(B)). By Cauchy-
Schwarz, |(AB); ;| < |lrow;(A)|2]/col;j(B)||2. Summing over i, j and using

| Bll2 = max|,,—1 || Bv||2 gives || AB||r < || A/ || B]|2. So the bound we used is exactly
Holder (or Cauchy-Schwarz) in disguise.



RelU gate: |(G2W,[) © (Z1 > 0)||r < ||G2W.T|| F also follows from Hélder: for
Hadamard products, || A ® B||r < ||A||F||B||c (elementwise max), and the mask has
1(Z1 > 0)[ec = 1.

Bias gradient (optional): V;, L = Z£1(G2)i,: = 1£G2. By the same idea (linear map lg
applied to Ga), || Vs, L2 < [[15]2]|Gallr = VB ||Gar.

First layer Again IXTG1TIF<IXIFIG1IF,sochaining the above:

IVw,Llr = | XTG1l|lr < | X||F||GillF < || X||F || G2l r [|Well2

Convention: | - || denotes a matrix norm. We assume it is submultiplicative: | AB|| <
q >
L Y, Vw,L = ATG2, VL= f:(ag)i,;
07, B —
oL .
Gri= 57 = (W) 0 (Z:>0),  Vml=X"G;, VL= ;(Gl)@:

IVw, L] = A G| < [ AT [|Gell
IG1l = [(G2W) © (21 > 0)|| < [|Go Wy || < [|Gell [|W]|

IVw L] = | X"Gl| < | X[ IGal| < | XT | IG|| 1w

Forward: Z; = XW; + by, A1 = ReLU(Z1) = max(0, Z1), Zy = AiWy + b,

. OL P-Y
Substitute Go:  Gs : = % B
P-Y
Substitute G1: Gi := §7L = (GaW]) ©(Z1 >0) = ((T) WQT) © (XWh +
1

P-Y
Vi, L = ATG, = (max(0, XW; + by))” < . ) :

P-Y
VL = XTG, = XT (((T) W}) ® (XW; +b; > 0)) .
B B /p_vy _
Bias gradients (linear-layer rule): V; L = ;(Gg)i,; - ; (T) E Vi,

iy:



Norm bounds (no subscripts): ||V, L|| = [|[ATG:| < ||AT] |G2ll, |\Vw,L|| = |

OL

Gl—a—zl

= (G2WS) © (%1 > 0)

Norm bound for Wy :  [Vy,L|| = | ATG,|| < | AT |Gs]| = || AT H H

P-Y ,
Norm bound for Wi s V.| = |X7Gl < X7 61 = 1x7) | ((£57 ) ws

< 4

you can drop the ReLU mask using the fact that it's a 0/1 “gate” (it can only shrink gradients
elementwise)

Since:

(B2 ) oo < (252 wr

P-Y
IV L] < X7 H( )WJ

Becomes:

IVl < X7 |5 | 1w
Assume || - || is a submultiplicative matrix norm: | AB|| < ||A] || B||-
P-Y
Recall: G = 5

P-Y
Norm bound for Wy : VL = | ATGs| < A7) |Gall = 4T | =5~ |

Substitute A; = ReLU(Z;) = max(0, Z,) with Z; = XW; + b, : |||Vy,L|| < ||max(

< G >

since

IVw, Ll = [[ATA[ < [|AT AL < [1ZF ] 1A




Let Z; = XWi + by, A1 = max(0, Z1), and A = P;BY. (From backprop: Vi, L = ATA)
(]

Assume || - || is a matrix norm that is (i) submultiplicative: ||AB|| < ||A|| || B]|, and (i)

satisfies the triangle inequality: ||{U + V|| < [|U|| + ||V|.

IVw, LIl = AT Al < [IATHIAN < [ 271 1Al
1ZT1 = (XW1 + by) || = [(XW)T + | < [(XW)T] + [Io] |

IXW)T| = (WX < 1w X7

P—YH
B

Vil < (1w 1X7) + 871 |

Norm bounds for a general L-layer MLP (ReLU
between linears)

We use the same backprop identities as in the chapter:

e Linear layer gradients: dW = XTdY,dX = dYW7T,db = Y (dY, axis = 0)
¢ RelU backward gate: dZ = dA x (Z > 0)
¢ Softmax + cross-entropy start gradient: dZ;, = (P —Y)/B

Assumptions on the norm
Let || - || be a matrix norm that is

e submultiplicative: || AB|| < || A]| || Bl

e and satisfies the triangle inequality: ||U + V|| < ||U|| + ||V].
Forward definitions
Let Ag = X.
For{=1,...,L—1:

Zy = A1 Wy + by, Ay = max(0, Z)

Final logits:

Zr = Ap AW + by, P = softmaX(ZL)

Backward definitions



Start:

For{=1L,...,1
dW, = AT dZ,,  dA, =dZW},  db,=) (dZ, axis=0)

and for ¢ > 1:

dZy 1 =dAy 1%(Z; 1 >0)

1) Bound each weight-gradient norm ||dW||

From dW, = AZT_leg (same pattern as grad_W2 = A1.T @ grad_Z2):
|dWel| = |AF (dZel| < || AT, |dZ|
Also, since A, ; = max(0, Z, ;) elementwise, you can use the monotone bound
[Acall < NZpall = AT < 11274

So:

[dWell <112/, || ldZ]

If you want to expand the affine term with triangle inequality:
1ZE 4 = 1(Ae-2We-r + be-1) || < [[(Ag-2Wer)" || + 115, |
and then
1(Ae-2Wer) "Il = [WEL AT LIl < IWELIHIAT |
1Z 411 < WL AT Sl + 114 |

1250 < IWEIITAZ Il + 1157,

2) Bound the backpropagated signal ||dZ||
recursively

From dA,_; = dZ,W} (linear backward) :

[d A1 < [|dZ[| W]



Then RelU gating dZ, | = dA, 1 * (Z,_1 > 0) implies it can only shrink (elementwise
mask of 0/1), so we use the safe bound:

[dZe1]| < [[dAe]]

Combine:

1421l < [|dZ|| W]

Unrolling from the output gradient dZ;, = A = (P —Y) /B gives, for any £:

L

T

ldzel| < Al T 1w/
j={+1

3) Final combined bound for || dW,||

Plug the dZ, bound into the dW, bound:

L
lawll < A7 HIAl TT 1w/
j=t+1

where A = (P-Y)/B.
if Frobeneius Norm

Assumptions (using a submultiplicative matrix norm, e.g. spectral 2-norm):
dW; = A, . TQdZ(linear — layerbackward : dL/dW = X.TQdL/dY)
1dZ)|| <= [|Deltal| * Mj=ps1.[|[W;. T||
Then:

|aWi|| <= |[A1_1. T[] * || Deltal| * Ij—y 1. L |[W;. T|

L
lawell < (WL 12750+ VB- [ D Al T 1w/l
j=t+1

Bound (Frobenius for activations/gradients; spectral/operator-2 for weights & bias)
Notes:

e B = batch size (because bias is broadcast across the batchin Y = XW + b)
¢ |IM||_2 is the spectral norm; in NumPy: np.linalg.norm(M, 2)
* ||M||_F is the Frobenius norm; in NumPy: np.linalg.norm(M, 'fro")



Using equivalence to avoid mixed norms in products (but looser):
For any matrix M € R™" : |Mll2 < [|[M|F < ,/rank(M) || M|z < ,/min(m,n) ||V

IAB||F < [|AllF[IBll2 < [[Allr || Bl -

We can use Frobenius for activations/gradients and spectral for weights (because spectral
captures “worst-case amplification” through a linear map).




